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UNCLASSIFIED ABSTRACT

This report shows how an z2ircraft's energy state and emergy rate capa-
bilities are directly relat<d to operational maneuverability and efficiency
in terms of energy-maneuverability theory, It demonstrates alaec how energys
maneuverability theory way be mpplied to assist the tactician, commsnder,
plafner, and designer in cptimizing aircraft performance. Lozd factor versus
velocity (G-¥) and altitude versus Mach number (H-M) diagrams are employed
to pbtain the interacting energy relationships fundamental to energy-
manguverability theory. The G-V diagrams provide a measure of instantaneous
maneuverability while the H.M diagrams (the most valuable diagrams) show
sestained maneuversbility as a fupction of energy rate, g, efficiency, and
range throughout an aircraft's performance envelope, “he energy diagrams,
as the working tools of epergy-maneuverability theory, may be used to deter-
mine operational maneuversbility and efficiency of various armament.engine
airframe combinations. :
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SECTION I

- INTRODUCTION

’ {U) Aircraft mansuverability can be defined as tie ability to change
direction and/or magnitude of the veloclty vector, While this definition
describes mansuverability accurately, it providee little feel for the fighter
pilot or engineer on how to acpuire best (optimum) maneuversbility. However,
from experienca, we know that the best way to maneuvar for position advantage:
or to deny this same advantage to an opponent depends on the type of ordmsnce
used énd the performance of the alrersft. The type of ordnance employed
determines the possible dalivery conditions needed to effectively deliver thia
ordnance, whether it be guided missiles, guns, or bombs, Quentitatively,

' these delivery cond{tions can be depicted by launch or firing envelopes, Uncc
the initial delivery conditions aze known, the problem becomes one of manzu-
vering intu the effective launch envelope, Such manenverability ®a depentent
upen the sbility of the pilot to control tura, altitude, airspeed, and aecel-
eration,

r

o () The purpese of fhe fallowing discusslon is to show how energy-

maneuverability is relsted to operatlonsl maneaverability end how this rela. -
oy -

vionekip may be exploited by the tactician, commander, planner, or designer '
’ in devcloping valid manewverirg end/or delivery tactice along with better
gerigl ccmbat wespons syateus,

e
—_————

zJ-




SECTICH IT

INSTANTANEOUS MANEUVERABILITY

. (U) Turn can be deserfbed in terms of radius (r) and/or fate {w) at
various airspeeds (V) and radizl g (¥,) by employing the relationships

r = — andw:ﬂi
ai; v

in conjunction with asvedynamic force system equations. From such equatians,
numerous charts depleting turn radius and rate can be devélnped to provide
sume measure of meneuverability. Meedless to say, the numeroms charts and
associated contourk are difficult to digest, Tor simplification and clarity,
load factor versus velority {G-V) diagrams are employed to depict turn in a
maaner condisteny with a pilot's background anmd his cockpit instrumentation,

{ See Figure 1,)

(0} The intent of this diagram (Tigure 1) is to encble s pilot to Qetor—
mine maximun turn in temms of g or load Iactor by consulting the aerodynamic
Vimit at the left and the structural/stabilator limits =t the top, bottem, and
to the right. By an overlay eomparison of G-V diagrams, a gilot can determine
if he, or a possible adversary, has a turn advantape, Any tumn capability or
advantage, extracted from such a diagram, provides only a relative measure of
instantaneous mansuverability, The diagram fails to indicate the effect of
pulling g in terms of losing or paining altitude and/or airapeed. As 2 result,
ne measure of sustalned maneuversbility can be acquired from a study of this
diagram, To develop this information, & loock in & different directicn is

npcessary,
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SECTION IIT

SUSTALNED MANCUVERABLLLITY

5
r
.
i
H
hd
i
3
t

CEHERAL .

(U) Alvitude, aivspeed, and changes thereto are directly dependent upou
the foree system Acting along, and normal to, the flight path, By mathemati-
cally manipulating the expressions describing this force system, mltitude {h)
and airspeed {¥) can be combined in the expression for specific energy (E,).

+

E. = hl + f ’
2g
1
s as shown in Appendix II,

{U) To ianeuver for a desired change or a combination of changes in
direetion, 2ltitude, and airspced, a pilet must disturl the force esystem sur-
rounding his aircraft, Therefore, from the above expression, we deduce that
maneuverabtlity is not only related to directionsl change {turn), but is alse
related to specific energy in terms of altitude and airspeed, From this ex-
pression, we can also deduce that all maneuveéring will be conducted between a
maxinwn energy level associated with 2 best altitude—airspeed combination and
8 minimun anergy level associated with Zero altitude and minimum airspeed,
These maxigum and minimum cnexsy 'lev‘els,.may be represented in an altitude
versus Mach nunber {(H-M) diagram (Figure 2), The maximum enesgy level is
located on Figure 2 at the pSint where the specific energy (E,) contour is
tangent to the steady.state envelope, The minimum energy level is located
on Figure 2 at sca level vhere the appropriate specific energy contour inter-
vepts the strady-state eavelope. (The steady.state envelope'is defined as the
level {light operating baupdary determined by angle.of-atteck limits, thrust
1 avajlable, drapg, and st.uctural limits.)

(U) 1n an air.to.air battle, offensive maneuvering advantage will belong
to the pilot wio can cnter an engagement at a higher energy level and mointairn
more euerpy than his opponent while locked 1u a maneuver and counter-maneuver
duel. Mancuvering advantage will also belong to the pilot who enters an air-
to-air battle at a lower encrgy level, but can gain more energy than his
opponent during the course of the battle, From & performance standpoint, sueh
an advantage is ¢lear becaesc the pilot with the most encrpy has a better
opportunity to engage or disengage at Wis own choosing, On the other hand,
encrgy-loss manetvers ean be employed defensively to nullify an attack or to
g2in a temporary offensive maneuvering position, Implicit in the entire

WA 1T 1 B BT

fThis nare is unelass!fieh
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Figure 2, F.4C Steady-State Envalope.

discussion on energy state and/or energy rate advantages is the fact that a
pllot has encugh internal ewmergy (fuel) available td exploit these advantages,

(W, In an air-to-surface role, a pilot is not as interested in a high
enexgy state as he is in maintaining enerpy while maneuvering with a wide
assortment of stores on board, IT he cannot maintain maneuvering energy, his
_ choice of tactics/techniques becomes limited, In addition, if this same pilot

is tappetd by enemy air, his ability to evade or nullify the attack becomas

questionahle,

{U) Observing the correlation of energy with maneuverability, it follows
that tactiecal maneuverability is related to the amount of energy possessed and

how wall that energy is managed. From a design standpoiat, this means a fighter

pilot must be given a vehicle wherein such factors as energy state, energy rate,

and the quantity of internal energy available are properly considered. Tor Lest
maneuverability, ‘the fighter pilot must know when and how to move to & higher or

- lower energy level and how teo best copserve his internal energy when Iocked in
an air-to-zir or air-to-surface encounter.
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(V) For an offensive maneuvering advantage, a fighter pilot must be st a
higher encrgy level or be able to gain erercy wore quickly than his adversary
before the mancuver and counter.maneuver portion of the battle begins, To gain
energy wore quigkly--once GCL, radar, or viseal contact is made—nccessitates a
best path for accumplishing this task,

(U) An approximste method for finding a best flight path was discovered
by E. §, Rutowski (sec Reference 1), Using his method, 2s outlined in-'dAppen—
dix II, the best {Rutowski) path for gaining manecuvering energy may be repre-
senteil on an altitude versus Mach number (II-}M} diagram containing energy rate
{specific micess power) contours within the steady-state envelope, as slhown in
Figure 3, Energy gain is maxidum av the points where the specific encrgy (E,)
eontours are tangent to the specific excess power {P,) contours, where

(),

T. = thrust available, D = dray, V - velocity, and W = weight, A glance

at Tigure 3 shows & best (optimum) path for gaining enerpy most rapidly, Net
normally shown is the best path when the starting point is located ¢ff the
besic Rutowskl path, A sclutlopn to this problem becomes easy if the erergy
rate, off the Rutowski path, ingide the steady-state envelope is assumed to

be zero, Under this assemption, the pilot moves along the specific energy
contour consistent with his energy level until Zntercept is made with the
Rutowsai path, As shown In Figure 3, the best path consists of two segments:
the appropriate specific eneryy contour and the basic Rutowski patk. Using
this procedure, pilots can determine the best paths from any point in the enve.
lope, However, these paths are approxinate for two reasons: (1) load factor
is assumed constant {1 g) in developing the basic Rutowski path and (2) energy
rate 15 assumed to be zero in developing the best path frow any point in the
envelope,

!

(U) To provide & more exact solution, A, E. Bryson and H, J, Kelley (Refer-
ence 2 and Appendix II) haye developed g direct method while . P, (leermann {Ref-
erence 3) has developed an indirect method for finding best paths. Flight paths,
determined by these methods, show that Rutowski is very nearly correct, Rutowski's
method, when compared with the Bryson-Kelley and Heermann methoda, reveals that
a rulte-of-thumb technigue can be used by a pilot or engineer to find best energy
paths, (See Appendix III,) The technigue uses the simple rule AL, = koH for
firding intercept curves and the subsonic-supersonie tramsition curve to the
Rutowski path, {See Figure 4.} The value of k = 2/3 when Mach oumber must be
doeregased and k = .1 when Mach nusber must be increased to intercept the basic
Rutowski path,

{This puge 1e Onelassified)
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(V) Ever thaugh the path developed by this procedure may be satisfactury
to the engineer, it still is not good encugh to gnable the pilot to fly the
path, because of the constantly changing altitude, Mach mmber, and plteh angle,
Observation and analysis of the path just defined, lowever, suggest a way lo
avoid this predicament. Generally speaking, the subsunic portion of the path
can be represented by a constant Mach number climb, while the supersonic portiun
may be approximated by an average constant calibrated airspeed, To intercept
the subsoaie or gupersonic segments, the pilot pulls up ot pushes over, as indi-
cated by the rule-of-thurb, until he intercepts the basic path, At interceprt,
the pilot should lead the Mach number or calivrated airspeed ta prevent a ten—
porary loss of energy Dy pulling too much g, Intercepts from the subsenic
gegment to the supersonic segment of the Rutowski path should be accamplished
a¥ less than 2 g, while Intercepts to the subsonic partion of the Rutowski path
should be accomplished at less than b or 4 g at louer altitudes and should
decryase correspondingly as altitude increases,

(U) Although the H-M diagram is useful for approximating best energy rate
flight paths, observation reveals that it can ulso be used Tor ancther purpose,
The contours contained within the steady—state envelope provide 3 measure of
the ability to gain energy throughout the envelope, Since gaining energy is
related to maintalning mapeuverability, tle 1-¢ Energy Rate diagram provides a
measure of sustained mancuverability as & function of energy rate, By overlay
techniques, the l.g Energy Rate diagram can be used by the fighter pilot or
tactician to determine if he can gain energy more quickly thsn some adversary.
Actual time values, depiching how rapidly the transfer takes place, can be
provided by the previously-mentioned optimizotion programs. Such values will
be provided in "Tactical Applications,” Sectfon IV of this report, When this

"information is correlated with some analysis yet to be presented, the pilot

or tactigian can then determine the type of tactics or maneuvers to employ.

{U) Energy Rate diagrams of more than 1 g can be helpful in determining
the best tacties te employ in the meneuver and counter-maneuver portions of the
fight. As shown in Pigures 5 and §, these diagrams contain both positive and
negative energy rete {P,} contours within the steady-state envelope, #s Guch,
these diagrams portray the ability to maintain energy while pulling g; hence,
they provide a measure of sustained maneuverability as a function of g,

{U) Once again, by simple overlay or comparison technigues, regions of
energy advantage and disadvantage can be easily determined, If a figliter pilet
can gain energy more quickly or lose 1t less rapidly than some adversary in & .
maneuvering fight, he has offensive mancuvering advantage, On the other hand,
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if the energy values ore reversed, the pilot, althoagh forced on the defensive,
may employ energy loss Jancuvers to his adyantage. In elther case, the 3-y and
S~g Eneryy Rate diagrams graphically portray capabilities and limitations in
the mancuver and counter-meneuver portions of the fight. In the air-to.surface
role, these diagrams may be employed to determine maneuvering capabilities and
limitations with a wl!de assortment of stores on bozrd., With this infommation,
pilots and tecticiany can develop pre-attack and post-attack tactics and maneu.
vers against 2 hostile surface complex,

(U} Even though the 3-g and 5-g diagrems berve as useful tools to deter-
mine advantages end disadvantages, they do not specify the cxact tactics or
maneuvers needed, Te decide vhat maneuvers should be employed, & pilet must
be well versed in the theory, and proficient in the practice, of air-to.air and
alr-to-surface tactics (see References 4 and 5), With this backgzound, a pilot
cen tranalate relative energy galn or loss relationships into velnable ftactical
maneuvars,

Il

(U) Rocently, the Drysen-Kelley method has been employed to develop best
three-dimensional maneuvers (see Reference 6€), This method appears promising
in finding specific optimum mancuvers for chenge of direction, rate of closure,
and combinations thereof in minimum time or with minimum fuel until Weapane
launch, However, as presently developed, thic method falls to consider: (1)
the best relative reffions-within the flight envelope to maneuver and counter-
maneuver apainst a known adversary; (2) plausible counter—maneuvers by en
adversary as he obsepves andfor antlcipates the optimum maneuvers: (3) a
sequence of plausible eounter.maneuvers or manguvers by an adversary for which
a seguence of optlmum manguvers or counter-maneuvers will be necessary; and
(b4} the possibility that wmore then one optimum maneaver or codnter-maneuver
can be flown againet a Specifitc counter-maneuver or maneuver,

(U) Because of these serious deficiencies, the Bryson-Kelley method can-
not be used by itself to develep valid tactics for the alr-to-nir battle. How-
ever, there may be a possibillty of developing near optimum tactics if the
qualitative knowlédge of the tactician concerning plaonsible maneuvers and
counter-maneuvers is ufed in conjunction with the quantitative methods devel.
oped by Rutowski, Bryson-Kelley, and Heermann, The Deputy for Effectiveness
Test, Alr Proving Ground Center, and the Air Force Armament Laboratoery, Rescarch
and Technology Division {ATB), Eglin Alr Force Base, Flerida, are investigatiny
the use of these methods for this purpese,

EFFICIENCY

(V) Until now, the discuysion has been concerned with energy stute (h,v)
andfor energy rate (F,)} in an effort to describe maneuyerability and te gain ma-

-
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neavering iclvintinge,  Knowing 1hat enersy state andfor edergy rite advintage do
plls upon e internal wiery, (lueel) availible, we will nw consider the amoait
s-n‘ .i:m'rmll uierny thit e be converted jute mineuvering energys  To aoquirc this
Julunmat o, o wathewtical exprossion must be duevelopod which considers apecilin
ey gadned versus inteenal cnergy expended. Suel an expression is

Py

LHE =w— w,
&

vhere EML = cnexgy-maneuverabflity efficiency, P¥ = aversge specific excess
puwer, W, = fuel weight rate flow, and w, = fuel weight, (S5ee Appendix II for
ifetailed development of this expression.) Two types of [-¥ Efficiency diagrams,
incorporating these efiiciency cuntours witliin the steady-state envelope, may
be constructed, In the Tirst diegram {see Figure T) constent fuel weipht (500
internal) is assumed, In the second disgram (see Figure 8) only the fuel re-
maining &t a given encryy level is considered, after reducing the guantity of
fuel by the mirimum amount of fucl neelded to reach that cnmesgy level, The
efficiency contours depicted on this diagram consider fuel available minus
inteypal Loel and 20 winutes fuel for best loiter speed at 10,000 ft. Doth
of these L3 LiTicivicy diograms cun be used to; (1) find the most effi-
cient {minimum fuel) paths by employing the same rule-of-thuml technigues
uied with the Lpergy Rate diagrams and (2) deteemine the amount of internal
energy thit can Le converted into maneuvering energy as well as the effie-
eivney of that conyersion. Since the diagrams can be employed in this fash-
imi, they provide a measure of sustoined maneuverability as a funetion of
wifieicncy., In addition, C-M Efficicncy diaprams can be used extensively to
deturmine relative advantages and disadvantages of competing transport and
bomber designs. For these type afrgraft, load faoctor and energy r-ie are
less fmportant measures of operaticnal performance, The second € Efficiency
diagrom is meré¢ meandngtul, sinec variable fuel weight is considered througl-
vut thy £1ight uwnyelope. However, the constant fuel E-M Efficiency diagram
is dmportant in dutemmining regions of best efficiency, independent of fuel
bistorivs. Tie relative merit of these two disgrams will -be discussed in
"Tactical Applications,Y Scetien IV of this report, !
11

(V) Dy umploying comparative techniques, the tacticion can generally sce
whether o Fighter pilot or his adversary will conserve a greater percentage of
{uel in moving from vnc energy level te wsother. Higher numericel values indi-
cate a greater percentage af fuel remaining or a smaller percemtage of fuel
consumerd, Thus, by correlating the E-M Efficiency diagrams with the Energy
Rote diagrams, the tactician can detexrmine to what Jegree 8 pilot or his ad-
versary can realisticolly maintain oz employ ony energy state and/or energy
rate advantages, To assist in this endeavor actual fuel percentage values
can be provided {by the optimizatiun programs) to show how efficiently the

Sttt
{This page is Unclassified)
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energy transfer takes plece, Such information will be provided In "Tactical
Applications," Section IV of this report.

RANCE

() Thus far, maneuverability has been described directly as a function
of energy rate, g, ond efficfency, Hewever, to completely describe maneuver—
2bility, we must consider indirect as well as direct influences, Range in-
directly influences waneuverability as it playe a vital part in determining
the area of maneuverability available over the earth!s surface. Because of
this relatioushio, @ combat pilot must have a good but aimple measure of his
available range at any altitude-airspeed ccabinaZion within the steady.state
envelope. To gain this infurmation, we must consider: (i) the fuel consumed
and the distance traversed in reaching any altitude.airspeed combination and
(2) the remaining range available as a function of the fuel zemgining at any
altitude.airspeed combinatiom,

(U) By properly considering this information, as outlined in Append’x
1I, an H-Y¥ disgram depicting range can be developed (see Figure 9). From
this disgram & pilot cen determine renge at any altitude-aivspeed combi-
nation including the distence traversed to reach that combination. The range
. contours depicted on this disgram are based on “he seme fuel reserve considera-
tiong ueed in the variable fuel E-M Efficiency diagram, The shaded area on the
chart rvepresents a tranelent region in the flight envelope. In this region,
airvereft drag, 1.e.,, thrust required, is greater than militery thrust availahle
and less than minimumaftorburner thrust. For this reason, steady-state P
flight is nat possiblé unless some device, e.g.,‘gpecd'ﬁrakes, ia employed to
increase drag. <

(U} By using the Range diagram in conjunction with the other energyr-
manguverability diggrams, the tacticion can determiae to rhat degree & pilot
or his adversary can reallatically gain advantage consistent witly distance
from friendly airfields or tanker support, In addition, plamrers and de.
glgners can evaluate the true operational performance of transpert and bomber
type alrcraft by considering the Kange diagram along with the E-H Efficiency
diagrams, '
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SECTION 1V , .

TACTLCAL APPLICATIONS

(V) Ir the onergy-menouverability concept is incorporated in the present
hnowledge on ighter tactics, a pilot can be provided more meaningful infor—
wation un lew he shoulid maneuver to yain advantage, The resulting information
will thun revezl to the pilot how ke should best explait the menguvering capa-
bilities of his aircralt. Additionally, valid compgrative analyses can be
perfonreil i{ similar Jiagrams ave constructed fof potential epemy fighters.
The relative regions of mlvaotage or disadvantage are found in temms of g,
eneryy vate, efticiency, and range by performdnce eomparisens throughout the
Ilight envelope, From this comparison the tactician ar pilet can easily
determine which ol twd aircraft has the advantage in temms of instantancnus
majcuverability, snstained wuncuverability, and range. Using this infermation,
the tactician ecan determine how to best maneuyer for advantage,

f§} For a sample comparison, we shall consider the F.AC versus the Soviet
MIG-21 and determine maneuvering acdvuntades and disadvantages. The conditions
far cumpurl‘.s will be typical air—to-air configurations, with 50% interval
fuel, unle:.mis‘aec:.ned ctherwise, In the G-V diagrams {Figures 10 and 11}, the
aermlynamm g limit ol the MIC-21 Lies to the left of the same limit for M
F-4C, At a glance, Figures 10 and 1l indicate the MIC-21 has an enormo n- .
stantaneuus wpueuverability advantage over the F-LC, These diagrams™also in<
dicate that the MIB-21 Lias an advantage when comparing structl.rral limits, Ths

. "
it //‘\
! T

NASIC/ACAA l_g Energy Rate diagrams (Figures 12 and 13) show that :Ile HIG.21 lias the ad-
DECLASSIFY | vantage within most of the subsonic portion of the fll"ht envelupe and through-
{This out all cf the super:.on.‘.c portion of the flizht envelope. The only region of
information no | advantage for the F-4€ lies ia the subsenic 'nd transonic argas below 15,000
longer [eet. The magnitude of the maxinwn power eneryy rate aduantaga can be dcter-
needs to be mned by. cunbu".tlng Table I,
classied) :
: 'F" , - :
Co |7 TABLD.I. RUTOWSKL MINTMUM TIME PATHS (MAXIMUS POWER)
A £, = 3,000 £t to E, < 70,000 1t] B, = 5,000 ft to £, » 95,000 Lt
\ Fuel [+ Fuel
ot Type PN 'ne:l.ﬂl}t\ Fuel + Weight _ Fuel
T Alreraft |, Tiwe ° Used ™| Used Time Ised Used
* (soc) (1 P (% [gec}¥l _{1u) ()
s 199 3035 \ 52 58 537 149
G | e 187 1586 36 247 180 et
IEBRES - B /
) ) - . S 15~ o
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In Figures 14 through 17, we oote that the [.LC retains most of its low-altitude
subsonic/transonic sustained maneuvering advantage as g is increzsed from 1 to 5,
In addition, thesez [iyYures reveal that the MIC-21 fot only has a supersowic ad-
vantage, but 3lso is gaining regions of advantage subsonically since it can pull

& in regions where the -%C cannot operete, Essentially, such a condition indi.
cates the MIG-21 ean turn mvre quickly tham, or inside, the F-40, This same
conclusion was reached Ly studying the GV diagram. Logically, this means the
teft-hasd boundaries of the 1-g, j-g, and 5-g Energy Rate diagrams provide a
measure vi ipstantaneous maneuverability, while entire diagrams provide a

measure of sustained maneuverability as a function of energy rate and g,

18) The military power l-g Energy Rate diagrams (Figures 18 and 19) show
that the F-4%C has the ability to g2in eneryy more rapidly than the MIG-21
throughout most of the envelope, The magritude of this advantage is depicted
in Table II,

TABLE II, RUTOWSKI HINLIMUM ‘TTIME PATHS (MILITARY POWER)
E, = 3,000 ft to £, = 45,000 £t
Fuel Fuel
T ]
Airgzrvt Time Weight Used Used
(SEL‘) (lb) (%}
F-4G 309 1541 1
\HIG-.al 1;03 6li5 l,r' )
“ezenE-

TS) By consulting the military power 3-g and §5-g Energy Rate diggrams
(Flgures 20 through 23), we observe that the F-AC has a sustained maneuvering
advantage at the lower altitudes and higher Mac" numbers, These diagrams alsc
reveal that the MIG.2L regions of advantage spread to the lover pertion of the
envelope as g is increased from 1 to 5. Ip addition, these diagrems (Tigures
20 through 25) reveal that the MI1G.21 can maneuver in regions unavailable to
the F.hC, As mentioned previously, such a conditicn indicates that the NIG-Z1
can auttury the FudC,

t8) FErom Figures 24 and 25, we observe that the F-UC has the subsonic
advantage, while the HIG-21 has the supersonic advantage in temms of the
maneavering energy gained versus the percentape of internal energy expended, ’
On the other hand, the variable fusl E-¥ Efficiency diagrams (Figures 26
and 27) naveml that the P~4C increases its subsgnic advantage and goquires
an advantgge through most of the supersonic portion of the envelope. A b
natural question arises at this point as to why the F-UC appeara to bave
a greater degree of advantage in the variable fuel diagram than in the

.
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Figure 22, F-4C Military Power 5-G Energy Rete Diagram,
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constant fuel diagram, The greater advantage attributed to the F-4C 1in the
x variable fuel diagram resulrs from the fact that the F-AC has eype.m{ed @
smaller percentapz of its.Fuel vhen it reaches the regions wherg the HIG2Y
is more efficient, Certainly such an advantzge would not be realistic if the
F.UC’ entered the engagement with a smaller percentage of fuel on hoard and/or .
the engagement started at a high subsonic energy level, If such a condition
existed, the efficiency advantage attributed tc the KIG-21 in the supersenic
region of the constant fuel diagran would be realistic. This point of dif-
ference becomes impartant to the F-4C pilst whim he encounters a ¥IG.21 in
hostile territory. From the military power E-¥ Efficiency diagrams depicted
io Figures 28 through 31, we see that the F-4C nas the advantage in both cases,
assuming, of course, that each aircraft hss the same assumed or starting fuel
percentages on board. Actval time and percentage values of fuel expended
along minimum fuel paths between epergy levels for these two alrcraft are dis-
played in Tables III ang IV,

v

TABLE ITI, RUTDWSXI MINIMUM FUEL PATHS {MAXIMUM POWER) ) ol

3000 £t to E, « 70,000 £t |E, = 3,000 £t to E, = 95,000 £t
Fuel Foel
Type | Weight Fuel \ | Weight Tuel
Aireraft Time Used Used Time Used Used
(sec) (1b) €5} (sec) (1b) %)
F-4¢ 238 3206 28 3l b570 ey
NASIC/ACAA MIG-21 | 223 ' 1233 32 291 1713 kb
DECLASSIFY e
(This informaton
o 'g“EltErbe *TABLE IV. RUTOWSKI MINIMIM FUEL PATHS (MILITARY PONER)
needs
classified) £, - 3,000 £t to E, = 45,000 £ i
Tyne : Frel Fuel )
At Time Weight Used Used
I . {sec) (1b) (%) )
-l . 325 1292 1
MIC.2l beg 618 16

. T&) The Range diagrams { Figures 32 and 33} raveal that the F.IC has a
substantzal arlvantage in the subsonic portion of the envelope and a lcsser
advantage in the supersonic portion of the eavelupe.
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TSy By comparing the rule—of-thumb performance of the AIM-98/AA2 and
the AIM.TE {see Appendix I), we find the F-UC with four ATM-TE missiles has
an enormous all-aspect, first-shot advantage over the MIG.21 equipped with
internal gun{s) and two AA-2 missiles, This advantage prevails apgainst either
2 maneuvering or nommaneuvering MIG-21, . However, in spite of this advantage,
an F-4C pilot may find it difficult to employ AIM-TE du -Iing 2 re-attack or in
an effort te nullify an attack, since the MIG-21 ean easily outturn the F-UC
as well as maintaln more epergy while doing so, By exploiting this dual ad-
vantage, a skillfil HIG.21 pilot may prevent & successful AIM-TE missile
dsunch by simply maneuvering away from the front tovazd the rear hemisphere
of the F.IC. Far elose.in maneuvering, the F-4C can mount a 20 millimeter
cepterline gun pod in addition tc the four AIM~7 missiles in an effort o get
inside the missile minimum firing range restrictions. However, such a fix
results in an zven greater margin of maneuvering superiority for the HIG-ZL
by reducing, the already inferior instantaneous and sustained maneuverability
of the F.4¢, The megnitude of this maneuvergbility logs for the F-&C can be
determined by consultiag the energy diagrams in Volume III of this report,
tp be publishod at a latexr date,

{8) From the furegoing analysis, it is cleer that the MIG-21 enjoys &n
enormous instantaneous maneuvering advantage and B substantial sustained
maneuvering advantage in terms of energy rave and g throughout the anpersonic
portion of the flipght envelope. Subsonically, at both meximum end military
power, the HIG=RL has & sustained mansuvering advantage in the upper portiona
of the envelope that spread to the lower portiens ea g increascs. On the
other hend, the P-4C has 8 sustained maneuyvering advantage in terms of effi-
elency throughout the entire subsonic portion of the envelope extending
through moet of the supersonic envelope. Only in range and first-shot capa~
bility does the F-bC enfoy & substantial adventage over the MIG-2L.

(v) Naturally, for a complete znalysis, additiongl information wust be
developed, The tacticlon needs energy-maneuverability diagrams for various
type combat configurations, In addition, he needs comparative misaile firing
envelopes together with radar and maneuvering constraints that may be imposed
on the pilot or radar operator, XIf this information is provided, the tacti-
cian can design tactics by using energy-maneuverability metheds, Assuwming
that Poreign Tectmology Divisions can provide remsongbly accurate data eon-
cerning enemy perfommance, the tactician, for the flrst time,can develop
effective tacties apainst any adversary, 1In addition, tactical commanders
can use the energy-maneuverability copparative mmalyses to gain meaningful
perspective for decisiong concerning the employment of friendly fighters
against a known enemy.
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CONHDENHAL

SECTION V

REQUIREMENTS

(V) Presently, in ordér to meet mission requirements, A{r Force plannrers
direct that mew designs meet certain epecifications in tems of altitude, air-
speed, acceleration, g, and rarge. Contractors, In an effert to satisfy the
customer, produce designs to meet these specilications, However, no gusrantee
can be made tlat the design selected will be tha best ene sipce such specifi-
cations are point data (derivatives) ard provide no indication of an aircraft's
inteprated performance and design efficiency throughout the flight envelope,

{Uy However, by applying energy-maneuverability techniques, aleng with
other information deemed necessary by the tactician, planners would have the
advantage of lacking at complete perfornmance (including the previously men.-
tioned point data) before making decisions conpcerning aircraft requirementa,
As & result, true operationzl need would be cansidered by both planners and
designers in detemmining the best overall combination of amament, engine, and

. airframe in future desipgns.
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NI HAXTHIM RANGE. Against & Co-Speed Nonmaneuvering Target. Haximum
range (Ry,) and angle-off (4,,) for a nose quarter, abeam, and tail guarter
atiack ahaiust 2 co-5peed numaneqvering target:

Subsonic Target - Mach 0.9:
b

Altitude N/ e AB TG/ %
(ft).  (ft/deg) (fr)  (ft/deg)

sl 80,000/20 15,000  5,000/30
lo,000  82,000/10 22,000 13,000/30
20,000  82,000/22 30,000 15,000/30
30,000  82,000/25  %0,000 26,000/50
W,000 82,000/40 52,000 35,000/30

- For a subsonic target Mach 0.5 at sea level, NQ/4 =-€0,000 #/10°, AB = 24,000
ft, and TQ/4 = 18,000 £t/30°. For cach additional 10,000 £, add 5,000 it to
KqQ, 8,000 fr to AB, and 5,000 ft to TQ.

Supersonic Target:

Altitude N/ < AD 10/4
(ft) ( £t/dsg) {ft) { £t/ deg)
SL 82,000/10 — -
10,000  82,000/10 12,000 7,000/30

20,000  82,000/15 20,000 14,060/30
30,000  B82,000/30 30,000 20,000/30
bo,000  82,000/45  bLo,000 28,000/30

T€) fzainst Monmaneuvering Targets with Attacker Velocity Greater or
Less than Tarpet Yelority, Maximum ranges for nose guarter snd tail guarter
attacks against nonmaneuvering tarpets with attacker velocity greater or less
than target velgcity {delta Hach) follow:

Wose Quarter Atracks:

1. Add 3,000 feet to R,,; for each 0,1 delta Mach below 10,000
feet when target velocity is preater than attacker velocity,

2, Add 1,500 feet to R,,, for each 0,1 delta Mach above 10,000
feat when target velocity is greater than attacker velocity,

3. Add ¥,000 feet to R,,,; for each 0.1 delta Mach when attacker
velocity iIs greater than tarpet velacity,




ABW/PI

-CONFIDENHAL

Tail «Quarter Attacksg

1, Add 2,000 feet to R,,, for each 0.1 delta mach rate of
closure,

2, Subtract 3,000 feet from R,,; for each 0,1 delta mach
separation,

~

T6). Mmainst a Maneuvering Tarpget,
Nose Quarter Attackst

1. Reduce R,,, 30,000 feet when target menewvers away from
the attack at 2 g. .

2, Reduce R,,: 5,000 feet/g for target maneuvers avay from
the attack with g grester than 2,

T6) Maneuvers Away from Attack, Tail Quarter Attackss

Altitude Target G R{,ez a)

Below 20,000 ft 3 2/3 Rypa
Eelow 20,000 ft 5 1/2 Ryas
Above 20,000 ft 3 1/2 Buax
Above 20,000 £t 5 1/3 Ruex

The above values do not include backgromnd clutter associated with a terget
at low altitude.

| E.O. 13526, section 3.3(b)(4) |

Withheld from public release
under statutory authority
of the Department of Defense
FOIA 5 USC §552(b)(3)
10 USC § 130
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APPENDIX II

MATHEMATICAL DERIVATIONS AND MUDELS FOR DEVELOPING
ENERGY-HANEUVERABILITY THEORY AXD ASSOCIATED FLIGHT PATHS

{Appendix II is unclassified in its entirety)

In this appendix a discussion ‘of the mathematical methods employed to
develop the Energy-Maneuverability Theory and asssciated flight patliz in the
altitude-Hach number plane will be presented, For convenience,.the derivetions
will be described in terms of the following computer programs which have been
formulated to handle the computational aspects of the theory: -«

Part I - B.sic Energy-Maneuverability Computer Model
Part I1 - The Bryson.Kelley Steepest Ascent Optimlzation Program

Part II[ - Dynamic Profile Generator Programs
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T'F'.R/I. BASIC ENIRGY-MANEUVERABILITY COMPUTER MODEL

DERIYATIONS

INSTANTANEQUS MAMEUVERABILITY, Tor any given aircraft, maximum load
factor {normal acceleration) may be computed as a function of altitude and
airspeed;

qsC
ny, u_.__E'.ﬁ. ’ ; /’
"
/
Where ny, = maximum normal acceleration (dimensionless) ’

q = -é p Y2, dynamic preasure { 1b/ft?) /
p = atmospheric density (slugs/ft?)

¥

true airspeed {ft/sec)

§ = referance wing ares { £t2)

il

CL“, = maximum coefficient of lift (dimersioniess) -
w = aireraft weipght (1b)

Since calibrated afrspeed (CAS) is more meaningful to the pilor than true aire
speed, the G-V diagrams (see Figure 1, page 3) depict maximum nermal accel-
eration versus CAS,

SUSTAINED MANEUVIRABILITY, Energy Rate, The energy (L) pessesscd by an
aircraft is the sur of its potential energy (E,) ang its kinetic energy {E).
Hathematically,

E:E,i’&. -
-\d’l+;mvz '

=H(h+'é‘v§ »
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where -
h = altitude { ft)
m = aircraft mass {slugs)
g = 32,174 fr/sec®, the gravitatiomal acceleration

The expression, E = w(:h + —ev%) glves us 3 measure of the epergy state
of an aircraflt et any altitude-airspeed combination, However, since the main
intorest lies in comparing aircraft with different weights at the same altitude-
airspeed combinations, 1t is more meaningful te make the above exprassion inde-
pendent of aircraft weight, Dividing both sides of the abeve expression by w
yields
E
—_—=ht—,
W Bg
The term E/w can be regarded as specific energy (E,), with the result that the
energy state of an gircraft cen-now be expreesed as 8 functinn of altitude and

airspeed:

E.’ =h +'§E .
The preblen of managing energy involves comtrolling the rate of transfer
between energy levels, Differentiating the abave expression resultg in

E.:h“‘ ¥

k!

\ . d
vhere the dot (-} indicates the derivative with respect fo time, e

provide more insight into encxgy rate, E, , we may employ Figure II-1 und write
& force balance equstion along the flight path,

=T -D-wsiny,
or

T._D=Hsinys--§-;/,
or .

L"—D~sin +1

w Yrge

Multiplying both sides of Lhis expression by V yields

(%;D)V=Vsin Y"‘%-"

k1

T
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Figure IT-1, Aircraft Force-Balance Diegram.
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L
Since b = V sin y, we may write
T,-D W
(T) Y=h+ 3 .

The right side of the wbove expression is equal to }-:,. Recalliing thet
work is accomplished in transferring frem one encrgy level to ancther, &nd
that power, by definition, is the time rate of duing wozk, the left side of
the above equation may be equated to specific excess power, P, :

b (52 0 '

In an attempt to counter an Immediate threst, the energy-oriented fighter
siiyt will strive to increzse his manguvering energy 28 quickly as possible,
This awounts tu maximizing the rate of transfer between energy levels, which
is equivalent to maximizing the integral

‘e
E,= [ Pt
J"I

According to Rutowski {reference 1), thia is accomplished when
A,
— =0
ETRT

al = 0.
) -°

In the altitude-Mach number plane, these relationships are satisfied at those
points where the E, contours are tangent to the 1-g P, contours, Cennecting
these points results in an appzoximste minimum time path, '

or

Energy-Manenverability Cfficiency (E-ME). If the above-mentioned threst
ia not as imminent; the pilot will attempt to inerease his manpuvering energy
while conserving intexnal energy ( fuel} for future maneuversbility, This Is .
achieved by maximizing the irtegral .

wa
£, = J. .li's-l [TH R

I: -

L1
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Since db, = P, dt,,

ard dw = -"v' dt (u.mrf = fuel flow - lb/sec)
we Bee that

@ b

dw W !
and 2

P

q'- dwa

]
Agein, by employing Rutowskils technique, we obtain

(@_5:___/"9)5'* "_ G,

These relationships are satisfied at those points in the altitude-Mach number
Plne where the E, contours are tengent to the 1-g P,/% contours, Connecting
these points results in an approximate minimum fuel path,

E,

H
|
at-—— o

er

The P,/% contours suggest a mesgure of efficiency in view of the fact
_thet they depict the amount of specific energy gained per pound of fuel exs
pended, In order to acquire a more meaningful measure of efficiency, these
contours can be modified to portray the amount of meneuvering enevgy gained
for the internol emergy {fuel) expended, This iz defie by multiplylng the
P,/% contours by the weight of fuel available, W .y to abtain the resulting
expression for Energy-Maneuverability Efficiency:

S
%

where P} = the average P, over the fuel welpht interval w, - fo <w <w,
(ftfeec),and W, = W, - fc - W,,

% vhere ¥, = initial fuel weight {1b) o,
fe c fuel consumed in flying from some reference energy level to
* any given altitude-Mach number peint (1b)

¥ = tuel reserve (1b)
4k

. .
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RANGE, Tor any altitude-sirspeed camhinaﬁon, avallable range for cruise
condition may Le expressed as

W,
T4

= ¥ X
ry ?
CA

where &7 = the average cruise fuel flow, ., over the fuel weight interval

¥, = fo £ wl €4, (1lb/sec),

and x = the horizontal distance traversed in flying from some reference
energy level to any given altitude-airspeed combination.

COMPUTATIONRS

ENERGY RATL DIAGRAMS, Fur any given aireraft, an Energy Rete diagram may
be constructed by dividing the altitude-Hach numlber plame intc a rectangular
prid, computing energy rate (I',) values at all of the points of intersection of
the grid lines, and then connecting points of equal P,, The contour deflred
by P, = O represents the steady.state boundary of the ajreraft, An aircraft
carnot vperate outside this contour without losing znergy, either in the form
ol altitude, airspeed, or some combination of both, The steady-state boundary
is further restricted un the left by the buffet boundary (obtained by connect-
ing points where CL = CL“,}: and on the right Ly placard Limits (a combina-

tion of pressurc [structural} limits and engine temperature limits),

Considerable insipght into the effects of pulling g within the alrecraft's
flight envelope can be gained by constructing Energy Rate diagrams of more
than 1 g, These diegrams contain beth pesitive and negative P, cortcurs within
the 1-g steady.stale envelope, As such, they provide & measure of sustained
meiteuversbility os a result of pulling g within the envelope,

E.M EFFICIENCY DLACRAMS, Computational nspects of thie diegram proceerd
in the same naaner as for the Energy Rate diagrams, except that now we compute
and conneet potats of equal E-ME, Two different types of LML diagrams sre
constrocteld, The first type is referred to as the path independent {constant
fuel) L-ME diagram. Cemputations for all points in the envelepe are based
or 0% fucl weight, Sinec fuel weight is lield constant, the expression

¥

EHE = —
o b I

k5




reduces to

Pl
CHE = - L
“’:
The diagram {5 called peth-independent gince the amount of fuel at the altitude-

Mach number points vhere computations are made iIs independent of the paths re-
quired to reach these points,

In the second type of E-ME diagram, called the path.dependent {variable
fuel) EME diagram, the amount of fuel required to reach any given altitude-
Hach number point is subtracted from the totul fuel weight before E-ME computa-
tions are made, The assupption is that the pilot has flown a minimum fuel path
from some reference energy level (we use E'REP = 3000 feet) to the altitude-

Mach nusber point wder econsideration, A more detailed diecussion of this as-
sumption will be gmiven later in this appendix and in Appendix III, Additionally,
the amcunt of fuel upon which the path-dependent E-ME computations are based is
reduced by a suitable reserve (normally 5% of full intermal plus 20 minutes
loiter at 10,000 ft).

RANGE DIACRAMS, Apain, the computational aespects of this diagram are
essentlally the same a5 for the Energy Rate and E-M BEfficfency diagrame, To
conpute range, the prugrim requires, as on additional input, a pertial power
getting table, i.e,, a table of cruise fuel flow s & functlon of sltitude,
Hach number, and drag {thrust required), The subscnie and supersonic’ por-
tions of the envelope are cemputed using partial military and partial after—
burner power sertings, vespectively, A tramsient region is cbserved between
the subsonic and supersonic portions of the envelope. In this region, level
unaccelerated £flight is not possible as the thrust requixed is greater tham
military thrust available, yet less than minimum aftexburner thrust available,

For range, only a path-dependent {variable fuel) Range dimgrzm is can.
structed. Tor this diagram, the smeunt of fuel svailable at apy given altitude.
Hach nupber point is reduced by the amount of fuel reguired to fly e minimum
fuel path from some reference energy level {ogain, we use E'REP = 3000 feet)

to the point under consideration, and by a suitable fuel reserve {c.g., 5% of
full internal plus 20 minutes loiter at 10,000 feet), The horizontal distance
traversed in flying the sbove.mentloned minimum fuel path, x, is considered
part of the ovallable renge, A diacussion of the method used to compute Ffuel
consumed and horizoptal distance traversed is given later in this appendix &nd
in Appendix I1[,
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_EXTENSIONS OF THE RUTOWSKL TEGHNIQUE

Earlier in this appendix, we saw that Rutowski calculated the lo~ation of
the epproximate minimum time and minimum fuel pathe in the altitude.Hach num.-
ber plane. Rutowski did nat, however, give any measure of the time required,
fuel consumed, or horizontal distance traversed in flylng along these mpproxi-
mate paths, His twe besic assuwmptions were thet (1) the path bc computed for
1 g and (2) the welght be held constant.

Rutowskits method has been extended to allow an apprewimation of the time
required, fuel consumed, and horizontal distence traversed in flying along the
mioimum time or minimum fuel path., A byproduct of thia extension hos been the
removel of his constant weight assumption, ’

Computations proceed as follows, Propram inpute include initial, incre-
mental, 'and final values for E, and h:

By, (48 T
b (8 by

The specific energy equation,

‘Ie
E'uhi"'—
2g

Is rearranged to the form
v=[2g(E, - h)]’—b.

Then for £, = K, , £, + &E,, E,, +200, v 4 4y E'L , the follewing array

15 coostructed:
h v W T, & C c Py {(P/%eh2

W, € C. Dy lP,a (P./%)3




Actuglly the arvay does not run all the say from h; to hL. The lower

altitudes rasult in Mach numbers higher than the aircraft?s capability. Wien
this occurs, altitude is incremented instead of computing T,, ¥, +uu , P /.

The hipher altitudes result-in CL's greater than CL 's, This fact eliminates
fazx

many of the lower lines of the array, ndiditionally, when h > E,, the quantity

1
[2g (E, = M)]2 becomes negative, eliminating lines of the array, Finally,
other numerical techniques, beyond the scope of this appendix, ere employed
to reduce the size of the asbove zrrays, therely decreasing the computer time
required to comstmict a path, , '

1f & ninimum time path Is being computed, the program selects the altitude-
Maelh mmber point for which P, is maximun in the srray and this peint becomes a
point. cn the minimum time path, Once the line containing the maximum P, is
selacted, it is used, along with a similar line on the previous array, to ap-
proximate a time Increment, At, 8 fuel Increment, 4w, and a horizontal distance
increment, Ax, in the {ollowing manmer:

E - P + P
at = f—-‘ (tlm bar demotes the average, e,p,, P, = --.I—-l-ﬂ-)
Py 2
4L
L —
(Vo/%}
at o 1

&=[Tﬂa—(“.;) 1% at

The method outlined abaye results in altitude-Mach number points through '
which a winimumn tiwe path may be drawvn, The At's, dw's, and Ax's are Summed '
-over the path to give an approximation of the time required, fuel copsumed,
and horizontal distauce traversed,

Lach time £, is Incremented, the weight used to compute the guantities in
the array {s first deercmented by the quantity aw, computed in the previous
array. This results In a variable weight path, '

Gumputations for @ minimam fuel path proceed in exactly the same manner,
except that, for the minimum fued path, the line is chesen In the srrays where

P./% instead nl' 'y, is maximum,

To compute a path-depemdent E-ML er Range diagram, 8 Rutowski minimum fual
path must be computed first and the follewing table built;
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E'L fc; X,
| fe,

" Z X2
E‘l fc' x,

L L L !
where
i
fe, = Z avy ,
J=1
and
b3
X, = E‘Mf .
j=1

Then, when E-ME or zange is computed for a given gltitude.biach number point,

{h, M), that (h, ¥) determines an £,y which, in turn, determines an fc and &n X,
If we assume that the fuel consumed and horizontal distance traversed in flying
to any point on & constant specific energy line is the seme, Thia is a rather
bold assumption, however, and cannot be aceepted without further discussion,
Appendix IIT provides o detalled treatment of this assumotion,




PART II, THE BRYSON-KCLLEY STEUPEST ASGCNT OPTIMIZATION P'ROGRAM

The second computer program eaployed in these analyses Is the Bryson-kelley
Stecpest Awcent (ptimization I'rogram which provides dynamie flight profiles, in
minisum time or with minimum cxpenditure of fuel, for transfer Lemween two
ener;y levels (U, M) and (i, Ha ).

By using the metheds of E,5, Rutowski, thr so-called Rutowski puth, explained
previously under the Encrgy-Maoneuverability I'rogram, is obtained and is depicted
in Figure 3, page 7 of this report, HNowever, these methods provide acthing mare
than very pood approximations to the solution of the minimum time or minimum fiel
problens, They provide ne insight inte such purameters as load factor or pitch
anple along the path, I addition, the methods ore predicated on 1-g level [light
parameters and do not consider the forces acting perpendicular to the flight path,
In essence, the Rutowski methed is a stotie method, in itself, but a very valuable
tool, leading to tiie more accurate dynamic optimum paths,

Even the more sophisticated Dynawic Profile Generator Program, dizcussed in
Fart III of this Appendix, provides only approximations to the desired soluticn
to the minimum time or fuel problem. Admittedly, the results of using the
Rutowski paths in conmjuretion with this program are much more realistie, as now
both load faetor and pitch angle are considered throughout the path. lowevesz,
the techniques embodied in this program ave still limited by the altitude-Mach
number combinations fnput into the propgram as points describing the approximate
path, and yield nothing but a better approximation to the desired optimwm path,
The program is invaluable, though, as a generator of load factor as a function
of time for input into the Bryson-Kelley Steepest Ascent Prograw ay the nominal

path.

This sreepest-oseent method of optimization {s an iterative scheme which
begins with auy nor-optimal path and proceeds to derive a slight Improyement
each iteration frem this nominal path. This slightly improved path at each
iteration is used as the new nominal path, and the process is repeated until we
are sufficiently close to the optimum For our purpose, In this process, each
new path is found by taking the trajectory which yields the largest gcain in
performance for a given size of perturbation ir the control variables,

The value of a good first guess at the nominal path is immediately evident.
If this path is close to the optimum, the number of {terations necessary te
arrive at this profile will be small indeed when comparcd to those necessary if
the nominal path is far from the optimum. The ability to input good neminal
paths results in tremendous savings of valuable computer time,
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The analysis of single stage trojectories by the steepest ascent method
has been thoroughly treated in the literature, One of the elearest treatments
available is that of Liyson nnd Derbam in Referenee 2, For convenicnce, i
brief description of the general problem, as formulnted by them, is repeated
here. Some of the detailed derivations which are omitted here are presented
in Reference 2,

After presentation of the general problem, the speeific applicatians
mnde in formulatiny tiie program at the Adr Proving Ground Center are given in
dctﬂila
GENLRAL PROBLEM

Determine &t) in the time interval t;, St <t S0 as to meximize

(1) ¥ = ¥Rz}, ta] *

subject te the constraints

(2) V= ¥&(ta)y t21 =0

) ﬁ% = TI3(t), &t), td
(%) the given initial conditions X{ti)
(5) tz deteomined by 44 = 0[¥(tg),tad = 0.

The ™ over the symbols above indicates a matrix quantity,, ond a more
detailed deseription of the above quantities fellows;

o (t) '
. ca(t)
(6 &ty = ° ; an m x 1 matrix of control variable programs,
* wliich we are free to clivose,
@ ()
FX; (t}n
%a(t)
{1 ®e)Y= 1’ , @n & % L matrix of state variable programs,
resulting from the choice of &(t) and X{(t: ),
x.(tL

31




]

(52 § ’ y 3 p x 1 matrix of terminal constraint functiora, each
a k~~= fupstion of ¥(t3) and ¥y,

t»
(9) & = the pay-off function, a known functdon of X(ts) and tg,
e
£y
(W) F=1| ' }, ann x 1 matrix of known functicns of k(t), &(t), and ¢,

and

£ |
(1) (0 = 0 is the stopping condition that determines final time tj,
and is & known function of ¥(t3) and ta.

The method proceeds as follaws:

1. Choose a reasonable nominal contrel variable program, E'(t), and use
it with the initial conditions (k) and the differential equztions {3) to calcu-
late, by numcrical methods, the state variable programs X (t) until O =0. In
general, this nominal path will not satisfy tiie terminal conditions § =0, or
yield the maximum posaible value of ¢, '

2, _Eonaiflcr small perturbations 8a(t) about the nominal control varimble
program, @ {t), where

(12) 63(t) = ) ~ F(L).

As a result of these perturbations, the state variable programas underszo
perturbations 5%(t}), where

(13) 83(t) = R(t) - F(e),

If the relations (12) end (13) are cubstituted {nto the differential
equations, given by {3), the linear differential equationa

(2k) "dj? (6X) = E(t)6% + G(t}6d

are obtained, scourate to first order in the perturbatlons, wheze
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- ¢
15 ’ - =
(15) ) = .
* - » s

-
-

-

-

AL ALY af\r
Lt L LI B —
i gy wd, [:]- A ]
The symbol ( )* indicates that the enclosed partial’ derivatives sre evalu-

ated along the nomingl path.

Using the theory of adjoint differential equations, the following expres-
aions may be written,

Qan dat = I::I;(t)c?(t)aa'(t)at + Rt )6RCt ) + ddty

boo - " .
718) df = f *RYeaTErsa(tae + K(r)8(h) + péta

4

(19) &= Jhxr;{t)-c(t)ﬁa(t}dt + in'(t,,)ﬁ;':(t,_) + {iotg,




where the symbol ' {ndicates the transpuse of the matrix aﬁd elements of the
three A matrices, appearing akove, are obtained thraugh the nugerical integra—
tion of the diffecential equatisnes adjoint to equations {3):

b o

() e - Faico)

with the boundary conditions

- a,‘ -] - ch o - ' F
(21) R;(tg} = (ﬁ} R -\;(f;) = (—E\!.J ¥ ;\f;(tg) = (EE) 3
— 0%/ tor, %/ oty
where
of r'g’ B
¥ ad
2 — = |- — Eapj o
(‘2) dx -a-n.} 3'&;' ] axJ'
EINE T Ty
by Oy ax,
_a‘!.a_ _%!-:. ey a‘:
3%, OXa 3% h
a; » ] - [ .
= Co
oy oy,
an ax; ax-.J
O E
a,i axl r axg, [ ] a-;;
- )
and

v (3% B4 LY I
{&3) '!u(;-'*iif] : #n(‘?“'g’;;) 2
t-ta t X tﬂtg

& -\*
‘5 - (—+ _— f) ]
Bt Bx t‘—'t;

Mote that the Afe are influence functions in that they tell hew much o
ecertein terminal condition ie changed by & smell change in aome initlal state
variable., Hote alse that the adjoint ecquations {2G) muat be integrated back-
vards since the baundaory conditiens (21) aze given at the terminal point,
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For eteepest ascent the §0(t) program that maximizes the d¢ In expression
(17) must be found, given values of df and d0 = 0 in expreasions (18) and (19).
respectively, This maximization must also be subject to a given valee of the
integral

(@) (@ - [ *ed iy,
"1

The value of (dP)Z is chosen such that the perturbations will be small
enough to insure that the neglect of second and higher order perturbations
leading to equation {14) is reasonable. In addition, values of df are selected
to bring the next solution cleser to the desired termiral constraints, ¥ = D.

, The m x r matrix W{t) is symmetric and contains weighting functions as
elements, They may be chesen arbitvarily to improve comvergence, In the usual
case (the APGC program falls info this category), W(t) 1s taken equal to the
identity matrix and (dP)Z becomes the integral of the square of the control
variable perturbations, 8&(t).. Observation revealm that all control varisbles
should have the same dimenaiofs for eguation (24) to have any meaning. To meet

this requirement the control variables are normally required to be nondimensicnal.

A rather involved series of mathematical manipulations (presented in an
orderly and clear fashion in Reference 2, but caitted here for the sake of
brevity) leads to the follewing proper chodce of 6%(t):

& a5 Fmiag
() ~ aF'TidB o
T+ WG T 1145,

-I'1
Loe = Lyalyyies ey

- 1-—‘ - - .
(25) &%t) = 2 735 {.\m - Atnl¢$lt#)

where

{26) df = of - 'i.;n(tl)ai[t;),

- - i(ta)_
(27) Mgy = Ap = === T2
40 i(ta) G

(28) i'*n o Ay = Xta) A0

- ‘ - -
@) T = [T
1

as

et e W ——
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= BYf S O-1ny
(31) Ty = I: Ay 6 W7 6N godt,
3

and the { )=* indicates the inverse matrix, and the + or - gign before the
radical in (25) is chosen if ¢ is to be Increased or decreased, respectively,

If the selected d¥ ie such that dg is too large, thea the numerator in the
radical in (25) might become negative and a limit to the size of df for a given
dP must be imposed. Since dP is chosen to insure valid linearization, the

selected d'ﬁ' must also be limited,

The predicted change in # for the change in ¥t} given by (25) 1s

g 713 ©d it = Bz
(32) df o 2f(EP)? ~ 0B TyydB Ty, - T LT ]+ TyaTids
+ Kty )o%(ty ).

If df = 0 (the terminsl constraints having been satisfied) and &x(t,) = 0,
then 8 = C and equation (32) becomes

dé -l
(33) =" ifzﬂ - W,

which ig a gradient in function space, sinee dP '{s the length of the step In the
control variabls program. As the cptilaum program is approashed and the rerminal
conatraints ore met, (d§ = ¢), this gradient must tend to zero, and expreasion

(32) becomes _
(34) 88 = i’;,f;;di + [i;n(t;) - I;ﬁx;;x’nctl J]ai(n)

"3, A new control variable program is now obtained as

(35) &) = @(t) + 6K(t)

Thia new &t} i3 row used in the original nonlinear differential equation
given by (3), ard the process is repeated until the terminal constzaints (2} are

met and the gradient (33) becowes nearly zero,
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THE EGLIN PROCRAM

During the spring of 1964, preparations were begun for the phyaicsl test
to validate the Energy-Maneuverability theory, as requested by the Tactical
Air Command, The test was designed to show that the "dipey-doodle’ manenyers
asdoclated with minimmn time-ta-climb and minimum fuel paths did, in faot, repw
resent the optimun flight profiles for tzenafer from one energy level to
anotlicr, The above test wes conducted under APGL Project 0STOTL,

To adequately support this test, a program which could compute these optimum
paths was neceswary. Arrangements had been made to cbiain the Bryson-Kelley
Steepest Ascent Computer Program from the Flight Dynamics Laboratory at Wright-
Patterson AFB. The program was being Jormulated and developed under Contract
No. AF 33{657)-BB29 by Melonnell Alrcraft Corporation. When advised that this
program would niot be ready in time for the test, the decision was made to
develap a program In-house at Egliz, Due to time limitations, a somewhat
simple Bryson-Kelley Steepest Ascent Program was formulated in two Simensions
and with one control variable,

The program was completed in August 1964 and used extensively during the
conduct of the test. Before giving the detaile of the Eglin formulation, an
explanation of some key features of the program which arz net provided in the
general formulation will be presented.

As mentioned before, the program Pas but one control variable, n, the
noermal acceleratior in number of g?s. Originally, the program was formulated
with velocity and piteh anpgle serving as termingl constrainta y; and §; with
altitude as the stopping condition Q. However, using two terhinal constraints
led to trouble with the matrix Ify. This matrix was found to be nearly singu-
lar, and the existence of its Inverse was, therefore, guite guestisnabla.

Analygie revealed that the constraint on pitch angle wag not vital =nd that
two programs should be developed: one with velocity serving as the terminal cone
straint with altitude in the role of stopping condition, and the other with the
roles of velocity and altitude reversed,

In reducing the application of the Steepest Ascent Hethod to a routine
computation, an automatic scheme or cuntrol system for determining the atap
gize, {dP)®, must be devised., I the Eglin pregram, this control system 8 zs

follows:

1. Begin with a desired lmprovement in the quantity to be optimized (time
for minimum time paths and total weight fur minimum fuel pathe). This desired
improvemeut, d#, should be reflected In the next iteration {f the tezrminal con-
streint has been met, Equation (32) 2 solved for (dP)? - dE'f;%dE 24 a func-
tion of the given dé,

)



http:ft>llC7.1s

2, _If the terminol comstraint has not been met, cheszk to see if
(d2 - dg‘fiid§< 0« If so, scale down df such that the quantity is zero, If
nat, nse the (dv)? - di'f;%dﬁ} obtained from expression (32), in the expression
for b&t) given in (25).

3, The requested dé is then wodified as each iteration comes closer to
the optimum. This medification is controlled by the magnitude of the gradient
given by (33). As this magnitude prows cmaller ane becowes iess than prede-
ternined values, the size of d¢ is successively halved, The given values of
the gradient, at which the d¥*s are halved, are not readily obvious and appro-
priate values must be learmed through scme experience with the program,

%.  Even with this semiautomatic control device, considerable time must
be spent in determining values of the gradient with the posaflility that cone
. &iderable comguter tipe may still be consumed before a true optimum path is
reached. Several nther control systems are presently under investipation at
Eglin AFB, It is hoped that o better automatic scheme will be found which will
decrease beth computer runnimg time and the manpawer required to eventually
arrlye at the optimum paths.

The formulation of the Bryson-felley technigue, presently in use at Eglin
APH, 1is gresented here such that one may readily foilew ir, having been rade
acquainted with the general problem previocusly.

1, Control Variable Matrix 3I(t), {m x 1) Matrix

E(t) = n(t),
where m = 1 and n = normal seceleration in pumber of g's (dimensionless).

2, State Varialle Matrix ¥#(t). (n x 1) Hatrix

X h{t)
x(t) = :: = :é:g ) witere n = b,
x4, (t)

h = altitude above HSL In feet,
¥ = true airspeed in feet per sedond,

y = pitch angle {angle between yelocity vector and reference hori-
zontal plane) in radlans,

w = ailrcraft gross weight in pounds.
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Terminal Cunstraint Matrix § = 0, {p x1) Mat: 1z

a, % =%="h-hy for Program 550, where h is termina'! po=1)
censtraipt and ¥ is stopping emmditimm.
b, ¥=#=Y-VY; for Program 623, where V 15 terminal  (p

constiaint and h is stopping condit fon.
hz = desiredl terminal aititude in feet,
¥z = oesired terminal ve.lor.-ii.y in feet per second.
Pay-C{{ Funezion ¢
a = = t for minimun time paths,
L. ¢=w o ninimum fuel paths,

Time Derivat.ve of State Varialle Matrix ,'t;. (v x 1) Matrixz

- . dx
fFleg, n, ti= -—: .
o rfi-‘l ril FEE—I
= fs %3 ¥ L
f t]l = =1, 3 - T e .
[%, n, '.J £ 2 v { }
A X W

B f;:l:lzvﬁill Y,

f:-‘;:g[T.wnD“Sin ?J;

fe

L]

Te

i}

]
e

g = acceleration of gravity = 32,17Th ft/sec?,
T, = thrust available in pounds,

D = drag in pounde,

% w fael fiow In pounds per second.
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Stopping Gondition 0 = 0,
4. 0O =Y -Yz, for Program 556,

b. =t -hy, for Program 623,
(1)

ax(t) *

Pty =[£,¢t} 1, 921, 2, ooy m.
a5

x o

3y sin vyl
.-_—a-h-—- (=1 OJ

F(t) =

£y =

a, fr1 = =
b, fiz = = §in ¥,

c. f;: =

ah
Sh
a.
oy
3h
—a; =V cos vy,

ah
& fiq =.§;‘ .

]
e, fa =-5-

fl f:z = o -f.

p av
Er ===-ﬁ= - g COS Yy

3 N .
he £34 sem o B {TeB 20
e Wolw ow }!
o os _E?_ -E(n-cosy)
31 3 118 = [,
3y

- &

2D}
a I

=0,
el o
» --—- - 31in
L a{g’{ W Y)} g
h 3b T

(n x n) Hatri<

(r




ke £33 e o = 8in y,
32 7

1. f;.B—HU,

m, f‘l e N
W
N f4= =-a-=|--

v f.n =

E(t) = .a_f(_t). {n % o) Hatwix

a2l

6(t)=-af'—(t-).=[-:—f-1 ,i:l, tre} L, (n-h’)

E(t) = [g;J ialy eeey l‘r

°h 3y sin yi o
2. g‘ =-;B———-é-l;--—~= 3

B o= e ey
b "o 2n W on
P R
¢ & on an Y

N 3
= s o e— [
dr B 4n F
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9. Lagrange Multipliers,

[ 34,

0. Adjoint Differential Equations for Lagrange Multipliers,

d\q =
y WA= = = A
s L
b M - F%
at ¥
d- -
e, = x- FA,
p *a
How
o fa21 0 fay

FiolBbha faa 6B fa
fis faa  fas 0
0 faa o] ¢]

where the f;; are given in (7).

Ferforming the matyix multiplicatioms Indicated in 7a, 7b, ond Te, we have
the following set of differential equations for the individual elements of the
Lagrange Multiplier matricen

: |
CELEE MR LR
l=l




(1) by = Gy B+ Ay £y, .
(2) Ky, = - (i faa + Ay fau + dy By + A s
3) A == (g s s Mgfas + 3y fa3),

(4)- Ry, = = A faee

By }'l,; - -2;\"f“, d - l’ 2’ 3: l'h

(1) Ih = —!(:th}; + Ay ta)
(2) Iga =« (A fia + A faa + Ay fsg # A4 faa)
G) Ay, = - (g fia # Ay Fag + Ay aa).

{4 ih = ~ Ay fag
L]

£, ﬁ'E"qu J=1,2 34

i=1
(1) &g == Ogfas * Mg fads
(@) o = - O fia + 0 foa + 0 s + hg £0i).
| (3) In, = - (A fis + Ay fas + by faa )
(I*) zg‘ == ?'nﬂf:u-

Soundary Conditiona for lagrange Hultipliers.

T .. 34 ' : 3t
- A — e——
a .|.(t8J B [Bi]t -ty or ‘\I,‘(tl) ® (hi)t . tg, ia=1,83,4

(1) For maximizing # = - t (winimun tice paths),
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-- EE = r. 0_
2h

o 0
¥

)-Q(ta) = = ]

-2t 0
3y

_ .

. & ]

or
Ay (ta) = Mg (ra) = Ay (ta)= Ay (t3) = 0
{2) For maximizing ¢ = w (minimum fuel paths),

» o]

on

L 0

¥

l.|(‘t'=) = = r

2

dy o

-] 1

fw [ ts th J J'

or ‘

My (ta) = Ag(ta) = Agy(ta) = 0, 30d Ay (ta) = 3.

- 3 2y -
b Ay(ta) "{3%} t aty? °F Malts) ‘T_ax;] tay TP 2




(1) For termipal constraint on h (Program 53%),
3k ' )
’.‘-a—h ’-1

dh
oV

x,(ta) = ah - )

3y
a|
W] tsty

- he

lh(t’) = 1, and l,“(tg) = A*ﬂ(tn) = lh(tg) a Q.

(2) For terminal constraint on ¥ (Prograc 623),

u
Y

93 o]
ah
g‘j
v
:j(ta) el ? = :
av
3y

vl 0

:\'n(tg) = 1, and A'l(tn} - i\*’(tg) = A¢‘(tg) LR

a0 &
e.  Xfta) a [3-:"':']1' ) ts’ or Ap (ta) [E.] ety i =21,2,3,4
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{1) For Stopping Condition on ¥ {Program 556},

.av.. 5 -
ah [
il 1
- oy
hﬂ(tﬂ) = = )
& 0
ay

v 0
&"-tltn —

or
Ay (ta) = 3, and Ao, (ta) = Mg (ta) = Mg (%a) = 0.

{2) For Stopping Condition on h (Frogram 623),

- -y - g

3 1
3 ‘
2h A

T\-dtn): ﬁ - ¥

| ™ jt=tp L

or
Mg (ta) = 1, and Aq(ta) = Mg (ta) = 4, (%a) = 0-

12. ‘The Hatrices 'im and i?n.

-
~

ta)
ta)

1

8 rM“Ii' Kﬂ!

2

ar

- e ————




bl

or

L

#ts) .
1\“}1 a Aél —E‘(;‘:) An:, 1=l 2, 3 L,

(1) For maximizing & = - t {minimum time paths),
#(ta) = - 1.

{2) For maximizing 3 = w (minimm fucl paths),
#ts) = - by (ta)

(3) For Stopping Condition en V {Program 556).
((ta) = ¥(ta) g{%:-n - sin y} o

(b} For Stopping Gendition on h (Program 623),

rxt;) = fl(t:) = {V ain "f] t = tl'

Y kta)
Ay = Ag = 020 3
e ty)
ES'E") 1=1,2 3,4

"

A = A, =

¥ 1 tg)

(1) For terminal constraint on h (Program 556),
Hta) - h(ta) = Watn v}, _ o

{2) For terminal constraint on' V {Program 623),

] + L"D
¥(ta) = ¥(ta) = E{:"";' - &in Y} et
=ty

13, The latrix Product [Em] G

4
[ E - ,Z Mok, = B Na s has + g
al
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1,  The Hatrix Preduct [im] ‘Be
4
L] ’ _ _, -
ErgdT “\":1 a8 =8 K. A Ba * Mo B,
15, The Integrals 'I-", iﬂ’ and Igg.

- ‘e re= -l *
a, I*t = ft: [T*n] GWTJ‘[GJ )l*nd't ] !:‘3 [Ai%gl 4+ f\ﬂgaizdt,

a5 ¥ = 1,
- LF] - -
b Tye L; Dyl BT ) Ryt
ta
- Ot * Mg Moyt + e, e

& Igy = f "2 K gd BT 61 Tyt
]

t
‘o
= N Dmaga +A%g=]2dt..

16, The Hatrix Product dﬁ'i‘{; df.
& - 4f -« Mals)En)
a dF a8 &%(ty) = 0.
a, dfesh for Program 555,
b, df « &V  for Program 623,

where ah and &Y are the terminal condition changes necessary to bring the next
solution closer to the desired terminal constraints,

C. ﬁh = ha - h(tg),
d. &Y = Vo - ¥(ta),

where h(t;) and ¥(t;) are the altitude and true airspeed at the final time point,
t = ta, of the previous salution,

53'




Combining the rosults from abave,

- - 2
dﬂ"I‘"l‘dB = (—gﬂ .
"

17, The Matrix Product 'ft” 3“ Tﬂ,.
Since the matrices f” and E” ure both one-by-ene gealars, :

- = (I8
Tys By T =

Lyy
18.  The Hatrix Product 1% ;f-'ﬁd{-i.
I .07
¥
Irﬂfﬂda = _I-;;- .
1. The Expression {dP)* = #B‘ T-14,

"

From expression {32) is obtained the relatjonship

"Td8 o

(98 - Toy, T,4dBF
1 '

a, (&) - &8

Tps - Vyalpplyg

which can be reduced to the following exprescions, ueing the resulta of previous

paragraphs: 2
I,,d¢
at -
=4 = Lyy
b, (8P)? - B’ Ii}id'ﬁ - T,
Iﬁﬁ - ——!j—
Tnt

If the texrminal conatraint hay been satisfiled, that is,
Q. |ﬁh| T E for Program 55, or
A ey 5 & fur Program 623,
where £ is some predetermined tolerance within which the terminal eonstraint

on altitude must fall, and %, the telerance for a terminal constraint on
velocity, then the expresafon (19.a.) is used in the expression for 65(t).

&

e — 1

P




If the value of |ah| or |4V| is outside the predetermined tolerance, then
set (dP)? ~ df’ I;;'d? = 0, and use in th? expression for &5(t).

20, The Matrix Product RiZ’ (:\.in - iﬂ'{fi# f”}»

21, The Matrix Product D—*E')Tmlﬂdﬁ.
BT Tadh . R T MOE
4] 1“

22, The Expression for §3(t). :

Conbining the results of the preceding pages, the following expressian
for 66(t) is obtained:

Ay I@-I
o Bz o g,(w,-_t;%)J

MepTyay] [Teg9e - Xyedt
+ |ga .‘.ql‘.h - . . n 2
ot 1) [ Fertee - (Tge)

. (Hﬂ,ga * A;QJB?) .
Ty

If the value of |ah} or (Y| is outside the tolerance, & ur &, respectively,
then '

_ (}"ﬂ!gﬂ * A'di) II“‘
) Iy

b, EKt)

0 .




PART IZII. DYMAMIC PROF'LE GEMFRATOR

The Dynamic Prnfile Generator uses the aerodynamic and performance data
for a given aircraft to connect points in the altitude-Mach number plane with
an mpproximate dynamic profile consistent with the capabilities and Limitatisns
of the aircrafe, The program provides a time history of the mormal acceleration,
pitch angle, drag, fue) consumed, and horizortal range traveraed throughout the

flight path,

The program 1s designed to compute normal acceleration in number of g's as
8 function of time, associated with the dynamic profile necessary to £y through
the altitude-Mach number points defining & Rutowski pavh for a given afrerafe,
This g schedule then serves as a good first guess for the nomipal path in the
Bryson-Kelley Steepest Ascent Program, leading to either & minimum time or
minimun fuel path for transfer between different emergy levels,

Ao initial aiveraft gross weight, wy, normal acceleration, n,, and pitch
angle, Yy, are assumed st the flrst alvitude-Mach mmber point (hy, M;)} of the
path. The usual assumption 13 that the trausfer between encrgy levels is
initiated from level flighi, f,e., ny = 1,0 g and v, = 0, Figure II-2 depicts
8 typical path compnsed of N (h, M) points,

To obtein the values for the gquantities at the ith point (hy, M}, wo
cmploy an Lterative predictor-ccrrector process inyolving twe major steps:
(1) predicting the value of Bome of the quantitles across the interval from
(hy.a, Ky_v) to {hy, M;) based on known values from the foraer point and {2)
correcting these velues during each of a number of iteratfons until a desired
level of convergence is attained,

The time interval and fuel consumed pxe nstimated for the interval between
the polste, as dlscusaed previously in thie appendix, and elther of two metheds
employe: to determine the noxmal acceleration reguired by the aircraft to fly
between the pointa, .

The first method invelves splving simultaneously the equations of motion
along and perpendicular to the path to provide an e -r- ilon for the coefficient

of 1ift, G .

i = aC
L GCL*‘

T -Glatn T+ Vg T

q SK X

n




» -
- ..
1]
. v = N . »
L * . .
[ ]
N »
»
(i, B
(hisg, Bp
(hy, W)
T [escLasstrier
-]

Figure T1-2. Typical Rutawski Fath Used by the Dynamic Profile Cenerator.

vhere CD ia the zero-lift drag coefficient,

X da the induced dreg parameter,

ACy, ia the value of {y for which Cp is minimm

T, 13 the thrust available in pounds,

ie the aircraft gross weight in pounds,

is the aircraft pitch angle,

18 the acceleratfon along the f1ight path in ft/sec®,
iz rhe scceleration due to gravity,

ie the dynamic pressure in 1lb/ftZ,

18 the sireraft reference wing area in ft2,

Ui M <™

The bar notation (EL or T,) indicatea the valve of this quamtity at the
aidpoint of the interval,

The pitch angle {(Y) at this midpoint is approximated by the following
expression: Tt

gln ¥ o 8 iy
Yatr ¢
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APPDEY TIT '

A COMPARISON OF THE BRYSOW.MELIEY A¥D TiiE MODIFIED RUTOWSKI TECHNIQUES .

() In computing the path-dependent (variable fuel) E=!E and Range dis
grams, a method is needed for computing the fuel consuwed and horizontal dis-
tance traversed in flying from some refevence point (h,, M,) to any palnt (h, H)
ingide the steady-state envelope of an airecraft, This implies some path con-
uecting the points (R, M) and (h, %) in the 2ltitude-Mach nunber plane, Of
courge, any number of Tflyable! paths can be drawn which connect {h,, M,) and
(h; M), The foregoing E-H Efficfency and ramge conaiderations suggest a simpli-
flcation by connecting (h,, M,) and (h, M) with a cinieum fuel path,

(V) Use'of a sophisticated technique, such as the one credited to Bryson
and Kelley, becomes prohibitive because of the amoumt of computer time invelved,
For this reason, an approximate technigue becomes exceedingly desirable,

(U) Heermann (Reference 3) cbserved that curves of constant pinimum time
are zpproximate curvea of constant specific energy, E,, in the sltitude-Mach
mumber plane, More recent investigationa by Heermann indicate that the sime is
trua for curves of constant minfmumw fuel,

(U) Heermann's results, coupled with experience gained with the Rutowski
method, extended in the mamner described in Appendix TI, suggest that fuel con-
sumed in traversing a Rutowski minimum fuel path to a given energy level ie
alwost independent of the eltitudeMach mumber combiration on that energy level,
Additionally, for range computations, the horizontal distance traversed in
climbing to a given altitude-lach npumber point is smail in comparison with the
range remaining und, hence, & gomevhat Ieas accurate epproximation of herizontal

distance is scceptable,

(U} Investigationw huve revealed that the Rutowskd epproximatinne erc
extremely good ones, That Is, in part, due to the fact that fuel ond distonce
erzors tend to compensate for each other,

{U) MHumerous 14 TOSY computer runs for the F-bC and HIG-21 have been
summarized and will be discussed heze to support these rematks,

(6} The firat etemple attests to the accuracy of the Rutowski approxims
tion, It fa a total-path comparison for the F-LC from H = 0.8 ot 200 feet to
M = 1.85h at bh, 500 feet (E, = 95,000 fest), with an Initiol weight of 40,392
pounda. The Bryson-Kelley path indicated h,017 pounds of fuel eonzused and
68,4 nautical milea traversed, cospared with 3,993 pounds of fuel consumed ond
64.8 nauticsl olles traversed via the Rutowokl progroe for the same caze, A
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difference of 2 pounds (0.%) and 3.6 miles (5.%) existe between the Bryson-
Kelley and the Rutoweki patks, The Bryeon-Xelley path reguired 92 minutes of
computer time versus 1.4 minutes for the Rutowski path,

{U} 'The following cases 11luatrate the effects on fuel comsumed and dig
tance traversed wien the terminal (h, M) lles above or balow the Rutowski path
at E, = 95,000 feet, Since the subsonic portions of the paths for the F-I
were identical, only the supersonic portions were considered. The smme state-
ment applies to the HIG21 paths, Figure 1I-.1, page 46, indicates the general
shape of the paths in the altitule Mach number plane,

T8) ‘Three Bryson-K=lley paths each were zun for the F-HC and the HIG21

from H = 1,0 at 39,000 feet and M = 1,0 at 4,700 feet, respectively, to
E, = 95,000 feet, Tervinal conditione are given {n Table IIL.1,

TABLE IIT.1, TERMINAL CONDITION DATA

Altitude
| Case Mreraft (£t) - MWach No,
M
1 F-4¢ 36,900 1,997
2 F-hG 44,900 1,B5%
3 T4 : 52,500 1,700
b ko2 o 39,800 1.946
S WIC.21 k2,800 1,592
3 XIG-21 50, 800 1,741
—SEE-

S Cases 1, 2, and 3 ternirated 8,000 feet below, om, &d 8,000 feet

above the Rutowski path at E, = 95,000 feet, respectively, Cases &, 5, and
6 terminated 3,0C0 feet below, em, end 8,000 feet above the Rutoweki path at
E, = 95,000 feet, respectively. Placard constraints prevented the termina.
tion of case b below 39,800 feet.

™ Table 111.2 presents & cozparfscn of the Bryson-Xelley and Rutowski

paths, ie table depicts fuel conmumed for the Bryson-Xelley path, fey,
and for the Rutowski path, fep; herizomtal distance over the ground for the
Bryson-Kelley psth, xgy, 8nd for the Rutowski path, xg, Also shown aze the
weipht differences, 4w, and percentoge weight differences, %4w, between the
Brysen-Kelley end Rutowski paths, os well as the clatance differences, &x,
and percentage distance differences, £4x, All weights sre in pounds, and #ll
distances are in nautical miles,
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Figure 1II-1. Rutowski Path Comparison Bchose.
TABLE 11T1.2, CCHPARISON OF BRYSON-XKELLEY AND RUTOWSKI PATHS

NASIC/ACAA | Casejrireraftffepx } fop | wax [ 2R | v | gav | & | &
DECLASSIFY r=c=?===|==a=m
| Y 2350 L7.8 28 1,2 2.8 5.9

%hls information no - -
|

(=

oo to be classified) rac |72 | 230 u6.s) bso ) te |18 | L5 | a2

TP -2 - 47,71 - %0 3.7 | 27 | 5.7
HIG-21 | 632 - [-263] -« | M 6,5 | 3,6 {13.7
MG-21 | 634 9L | 26.9) 22,7 43 68 | 2 |15,6
HIc-21 | 8k€ - 26| - 55 B.5 | 6.9 [23.3

[ RV R

{V) Observation reveals that the fuel consumed via the Rutoweki method
1a conalstently less than the Tuel consumed via the Bryson-Kelley method, The
wixe comsistency holda, however, for the horizental distsnce tvaversed, The
exrors Introduced by using this approxization technlque tend to cocpensate for
each other,

6
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(U) For the entire range computation, the percentage errors shown above
become ineignificant since the clind input is only a part of the totel imput,
However, if more exact computations for the Range and LM Efficiency diagrams
are necesdary, the Bryson-Kelley {or the Heermann} paths can be employed in-
stead of the Rutnweki patha,

(i
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